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Abstract—1It has been shown that the decentralized 7.
model matching problem subject to delay can be solved by
decomposing the controller into a centralized, but delayed,
component and a decentralized FIR component, the latter of
which can be solved for via a linearly constrained quadratic
program. In this paper, we derive the dual to this optimization
problem, show that strong duality holds, and exploit this to
further analyze properties of the control problem. Namely, we
determine a priori upper and lower bounds on the optimal
Ho cost, and obtain further insight into the structure of
the optimal FIR component. Furthermore, we show how the
optimal dual variables can be used to inform communication
graph augmentation, and illustrate this idea with a routing
problem.

I. INTRODUCTION

Decentralized control problems arise when several deci-
sion makers, or controllers, need to determine their actions,
or inputs, based only on a subset of the total information
available about the system. These types of problems arise
in areas as diverse as physiology, economics and the power
grid. A particular class of decentralized control problems that
has received a significant amount of attention over the past
few decades is that of optimal H, (or LQG) control subject
to delay constraints. In this case, the information constraints
can be interpreted as arising from a communication graph, in
which edge weights between nodes correspond to the delay
required to transmit information between them.

For the special case of the one-step delay information
sharing pattern, the Hy problem was solved in the 1970s
using dynamic programming [1], [2], [3]. For more complex
delay patterns, the separation principle fails [4], [5], [6],
making extensions beyond the state feedback case [7], [8]
difficult, although recent work [9] provides two dynamic
programming decompositions for the general delayed sharing
model.

This paper focusses on the output feedback 7, prob-
lem with quadratically invariant [15] communication delays,
which has been previously solved using vectorization [15] or
linear matrix inequalities (LMI) [16], [17] , and most recently
using an extension of spectral factorization [18]. Addition-
ally, methods and/or solutions exist for special instances of
this problem, such as the two-player systems considered in
[10], [11], and spatially invariant systems [12], [13], [14].

In [18], the problem is solved by decomposing the con-
troller into a centralized, but delayed, component and a
decentralized FIR component. It is shown that the optimal
FIR component can be solved for via a linearly constrained
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quadratic program. In this paper, we show how this problem
can be converted to a semi-definite program (SDP) for
which strong duality holds. Then, much in the spirit of [19],
we exploit strong duality to further analyze the problem.
Namely, we determine a priori upper and lower bounds
on the optimal Hy cost, and obtain further insight into the
structure of the optimal FIR component. Furthermore, most
interestingly, and perhaps most practical, we show how the
optimal dual variables can be used to inform communication
graph augmentation, and illustrate this idea with a routing
problem.

This paper is structured as follows. Section II introduces
the general problem studied in this paper, and presents the
primal SDP. In Section III, we derive the dual problem, show
that strong duality holds, which we then exploit to further
analyze the optimal control problem. Section IV presents a
special type of routing problem for which we can determine
the best action for the router to take based on the optimal
dual variables, and Section V ends with conclusions and
suggestions for future work.

II. PRELIMINARIES AND PRIMAL PROBLEM
FORMULATION

1) Ho Preliminaries: Let D={z € C lz| < 1}
be the unit disc of complex numbers. A function G
(CU{oo})\D — CP*1 is in Hq if it can be expanded as

G2) =) ﬁai

=0

where G; € CP*? and ) :°  Tr(G;G}) < co. Define the
conjugate of G by

G(z)~ = i Gy
i=0

Ho is a Hilbert space with inner product given by
1 ™

<GH> = - Tr(G(e??)H (%)) d
™ —T
= ) Tx(G:H;),
=0

where the last equality follows from Parseval’s identity.

Finally, if M is a subspace of Hs, denote the orthogonal
projection onto M by P .



2) Problem Formulation: Let P be a stable discrete-time
plant given by

A \ B, By
P P
P=|"7C,1 0 Dy {Pﬂ Plﬂ
Cy| Dy 0 21 22

with inputs of dimension p;, po and outputs of dimension
q1, q2- We restrict attention to stable plants for simplicity.
These methods could also be applied to an unstable plant if
a stable stabilizing nominal controller can be found, as in
[15]. We note that this task may be non-trivial, with strong
guarantees existing only in the sparsity constrained setting
[20].

To ensure the existence of stabilizing solutions to the
appropriate Riccati equations (note that stabilizability and
detectability of (A, B, C5) is implied by the assumption of
a stable plant), we assume

« DI,Dyy >0,
. DQngl >0,
] CITD12 =0
o Bngl - O

For N > 1, define the space of strictly proper fi-
nite impulse response (FIR) transfer matrices by Xy =
@f\il %(C”XQZ. Note that in the following, we sometimes
suppress the subscript and write Xy = X when N is
clear from context. We can therefore decompose %Hg into
orthogonal subspaces as

fHQ—XNEB ——Ho,

N+1

In this paper, we are concerned with controller constraints
described by delay patterns that are imposed by strongly
connected communication graphs. As such, let R, be the
space of proper real rational transfer matrices, and S C %Rp
be a subspace of the form

1

§=Y& 7Ry (1)

where ) = @Z 157 Ly c @N 1 =RP2*%2 C Xy. Specifically,

this implies that every decmlon making agent has access to

all measurements that are at least N + 1 time-steps old.
We can therefore partition the measured outputs y and

control inputs u according to the dimension of the subsys-

tems:

T

’U,:[u’{ Uy,

y=1[yl - yhl"

and then further partition each constraint set ); as

Vo e
Yi= ] : S 2
ynl y_nm
1 1
where
ik _ RP2*4:  if u; has access to y;, at time ¢ 3)
o otherwise

and Z?=1 Py =Pp2, 2, 45 =m.

O——E)

Fig. 1: The graph depicts the communication structure of the three-player
chain problem. Edge weights (not shown) indicate the delay required to
transmit information between nodes.

Example 1: Consider the three player chain problem as
illustrated in Figure 1, with communication delay 7, between
nodes. Then

1
Rp zl‘{"'c RP

1
T Ry
1

S = i

z1+TcR P P ﬁRP
§}I_+2;c Ry 1+TC Ry ;Rp
= ©Ou)Vi® zzwlR
with _ -
* 0 0
0 0 fori <,
Yi= s g )
x x 0
" for 7. <1 <27,
_O * *_

where, for compactness, * is used to denote a space of ap-
propriately sized real matrices. In this setting, every decision
maker then has access to all measurements that are at least
27, + 1 time-steps old.

The decentralized control problem of interest is to design
a controller K € S so as to minimize the closed loop Ho
norm of the system:

mingnize ||[P11 4+ PioK (I — PooK) ™ Po1l|n, @
st.KeS
In [15], it was shown that a necessary and sufficient

condition to be able to pass to the Youla parameter () =
K(I — Py, K)~ ! in (4) is that the constraint set be quadrat-
ically invariant.

Definition 1: A set S is quadratically invariant under Poy
if
KPyKeSforall KeS
Under this assumption on S and P52, we can pass without
loss to the Youla domain. Since K is strictly proper and

stabilizing, () must be strictly proper and stable; thus (4)
can be reduced to the following model matching problem:

||P11 + P12QPo1]|24,
st.QeS NiHs

minimize
Q

&)

For technical simplicity, all controllers in this paper are
assumed to be strictly proper — the results extend to non-
strictly proper controllers, but the resulting formulas are more
complicated. Although this problem admits several solutions
[9], [15], [16], [17], we follow the one presented in [18], as
it has structure that we exploit in the sequel.



3) Reduction to a Quadratic Program: Let X, Y be the
stabilizing solutions to the following Riccati Equations

X = OTCi+ATXA— (ATXBy + CFDyy) x
Q YATX By + CIDy2)”
Y = BIB,+AYA"T — (AYCY + B, DY) x

“tavc? + ByDI)T
where Q := DL, Dy; + BIXB,, and ¥ := Dy DI, +

CoY CT'. Define the regulator and filter gains, respectively,
as

K = - YBIxA+DLo)

L = —(AYCj + B, DI)v!

and the auxiliary matrix 7' by

T =Q? [Jﬁé g } w2, (6)

Finally, let W, and Wx be left and right spectral factors for
Pféplg and Pglpﬁ such that

P3P = W ~w;t
PyPy = Wi'wp~.

We first present the classical solution to the delayed model
matching problem, from which the decentralized solution is
then constructed.

Theorem 1: The optimal solution to the delayed model
matching problem

[|[P11 + P12QPo1]|2,
s.t. Q S ZN%HQ

1, (T)Wr.
Theorem 2: (From [18]) The optimal solution to (5) is
given by

minimizeg

is given by Qn = _WL]P)ZNlJrl

where V* € ) is the unique minimizer of
IGWV)[F, +2<G(V),T > (7

with G(V) = Px (W, 'VWy"), and

A rrrrr— 1
=Qn — WLPZN1+1 Hz(WL 1V WRl)WR S W'Hg

®)

The optimal cost is then given by

P11+ Pro@QnPall, +IGV)IR, +2< GV, T >
(€))

The assumption of a strongly connected graph is key in
the above, as it allows for the optimal controller Q* to be
decomposed as the direct sum of a FIR filter V*, and a
delayed, but centralized, component U* that depends only
on globally available information.

We now present the primal optimization problem that
is solved to obtain the FIR component V* of the optimal
decentralized controller. For ease of notation, let G;(V) =
G;, and H = W;l, J = ng . Note that H and J can
be expanded as H = > ;0 L H; and J = 7 L J,.

i=0 27

Similarly, 7" and V' admit the expansions 7" = > >°
and V = Zz 1 le € Y, with each V; € ;.1

Lemma 1: (Primal Problem). The FIR transfer matrix
G(V') can be written as

lel

N
1
V) = ~ G wi - ‘
) =D 5iGi withGi= 3 HiVid,
i=1 §,1>0,k>1
Jtkti=i

and, applying Parseval’s identity to (7), we can formulate the
optimization problem as

minimizey Zivzl TrG,GF +2 Zivzl TrG; T} (10)
s.t. Ve

Remark 1: It was shown in [18] that (10) is a convex
quadratic program with a unique solution.

We now apply standard techniques from convex analysis
and optimization to reformulate (10) as a semi-definite
program (SDP) that is more amenable to dualization.

Lemma 2: The quadratic program (10) can be recast as
the following SDP

N
minimize TrW; + 2 N TG, T
v inimize, ; Y ;
I G: : (1D
s.t. l:Gi Wz] >0, fori=1,..N

e;Vier, =0, Vi, j.k st Y/* =

where e; = [0,...,1,...,0]T, with the identity matrix I in
the i*" position taken to be of appropriate dimension based
on context.

Proof: We first note that V; € ), <— e}*Viek =
0 Vj, k s.t. /¥ = 0. Introducing slack variables {W;} N,
we rewrite (10) as

minimize

o mimize, ZTrW —i-QZTrG T

s.t. W; — GG*>0 forz—l N
e;Vier, =0, Vi, j, k s.t. yl(g, )—0
12)
We complete the proof by applying a Schur-complement
transformation to the inequality constraints. [

III. DUAL PROBLEM FORMULATION

Before proceeding to the derivation of the dual problem,
we present the following useful lemma:

Lemma 3: Let G; be defined as above, and Z; be any
matrix of compatible dimension. Then

ZﬁGZ_Z Z TvV;J, Z, H,

i=1 §,1>0,k>1
k—j—l=1i

Proof: Easily verified using the cyclical property of the trace
operator and the definition of G;. [

We now present the main result of the paper, the dual
formulation of (11).

The component matrices H;, .J; and T; can be easily computed via state
space methods, c.f. [18]



Theorem 3: The dual problem to (11) is given by
maxmmze

ZTrX X;
Jk’

s.t. Z erv. ke -2 Z JleH =0

(J,k)EL; z>o k>1
k —l=1
fori=1,...N
} (13)
where Z; := {(j,k) : V¥ = 0} and Zx = (T} — Xy).

Furthermore, strong duality holds, the dual optimum d* is

achieved, and is bounded by 0 > d* > —||Px(T)|[3,,
Proof: Introduce Lagrange multipliers {Ujk}(J k’)'é’zN and
{Xz‘}i:L...N with

X sz]

|:X12 X22

The Lagrangian of (11) can then be written as

LEW: VY () {v k}> 2521 (TxW; + 2TxG, Ty
Xll X{2
—Tr {Xé*{ X2iz Z Trit ke “Vieg
(7,k)EZ;
= 27:1 (TrWZ-(I — X§2) + 2TrG1-(Ti* - X{Q)

~TrXé, + Z Tr‘/}ekl{;ke;‘?
(4,k)EL;

Applying Lemma 3 to vazl TrG;Z; and grouping like
terms, the above can be rewritten as
({W} ik {xih Avin}) =

ZZ 1(TrI/V(I X22) TrX{l)

+ 3 TvV; Z exviper — 2 Z J1Z.H;
(4,k)ET; ,f>0 lf:

Infimizing the above expression over {W;}, {V;}, we see that
it is bounded below if and only if

X = 1
doewpe; =2 Y hZH; = 0
(4,k)EL; 4,1>0,k>1
k—j—l=i
for all ¢ =1, ..., N. The dual problem then becomes

maximize — E TrX?, s.t.

l/k,X
> ekz/]ke -2 > JiZyH; =0
(k) ETi 3120k>1
Xi Xio ;
. > =1,..
{Xﬁ‘ b >0, Vi=1,..,.N

Applying a Schur-complement argument to the inequality
constraints, we have X{; — X%, X% > 0, which can be taken
to be equality without loss as the objective is to minimize
TrX11 Relabeling X? 19 as X;, we obtain (13).

To show that strong duality holds, and that the dual
optimum is achieved, by Slater’s condition, it suffices to
show that (11) admits a strictly feasible point. Indeed, it
is trivially verified that V; = 0, W; = ﬁlqz, e>0,Vi=
1,..., N is such a point. We therefore have that the primal
optlmal value p* < € for arbltrary e> 0.

Finally, setting X; = T; and v} ik = 0, we see that this is
a dual feasible point, with dual objective — Z =1 10T T =
—|[Px(T)|[3,,- Therefore, by strong duality, 0 > p* = d* >
—|[Px(T)|[3,,, where d* is the dual optimal value n

An immediate consequence of the above formulation are
the intuitive inequalities among the different optimization
problems:

Corollary 1: Let Cy be the optimal centralized cost of (7)
with N = 0, Cy the optimal decentralized cost of (5) and
Cn be the delayed centralized optimal cost of (7). Then

Co<Cy<Cn
Proof: Note that, from (9) C; = Cx + p*, where
—|[Px(T)|3, < p* < 0 is the optimal value of (11)

and (13). Therefore the inequalilty C; < Cp follows
immediately. It therefore suffices to show that Cy = Cn —
[P (T3, but

Co = ||P11||7-L2 |13,
= |[Pullf, —IIP N+1< Nz, = P2 (T)|[5,
= Oy~ |[Px(D)3,
| |

A. Further analysis

In this subsection, we explore further properties that can
be inferred from the primal/dual optimization problems.

1) Refined upper and lower bounds: We refine the
a priori upper and lower bounds on the optimal closed loop
norm by finding primal and dual feasible points, respectively.

Lemma 4: Letk € {1,...,N} and Sy, € Y, be fixed. Then
a primal feasible point is given by

W, = el+ Gl(V)GZ<V>*, e>0
Vie = oSk

Vi = 0Vi#k

V. = —%

with primal objective value (as € | 0)

B
pr=—k <0 (14)
(077
where
B = ZiNdszo TrH‘SleT‘*
Jtltk=i
o = Zl 12 jl>0 TrH; SleJl SkH* > 0.

Proof: From (12) it is clear that {W;} and {V;} are feasible
points. Letting € | 0, the optimization then reduces to an
unconstrained one over vg:

mlnlmlze vkzl > 7150 TrH; Sk JiJ| Sy H

J+l+k I3

+2Uk2¢:12 jiso TrH;Se Ty

JFldk=i



which can be solved as « > 0 (it is the sum of the traces of
positive semi-definite matrices, that are not identically zero).
The optimizer is easily found to be v = —5—’;, resulting in
the primal objective value p; as given in (14). n

Lemma 5: Let (j,k) € Zy. Then a dual feasible point is
given by

X; = TV i=1,..,N—1 (15a)

XN = T% + A (15b)
1 e

A= —5J0 exvjie; Hy ! (15¢)

Tre*H ' J e

vk = = (150
TreyJy “exe; Hy “e;

Vi = 0, V(i,m,n) # (N, j,k) (15¢)

with dual objective
Tre*Ho I tey)”
djp = —|[P2(T)|l3, + (Trej 1o Js cv) (16)

Tre,’;JJQer;HJer
Proof: Defining {X;} by (15a, 15b), the dual problem then
reduces to

N
ma>}cviniize — <Z TeTr | 4+ 2Te TN A*—TrAA*

12 .
Jk? i=1

s.t. ekuj\,ie;f +2JoAHy =0

Noting that Hy = Q2 >0, Jp =02 >0 by assumption
(c.f. [18] for details), we can solve for A as in (15¢), which
reduces the optimization problem to an unconstrained one in
I/j]-\]g. Procjseding in a similar manner as the previous proof,

we set vy = vl and obtain the minimizer uﬁc as in (15d),

resulting in a dual objective of d;j as in (16). [ ]

With these two lemmas, we can refine the bounds in Corol-
lary 1 to
Co+ max 7, <Cq<Cn+ min _ py
(4,k)EIN ke{l,..,N}
where ;i := dji, + ||Pa(T)|[3,,-

2) Dual variable interpretation and application to com-
munication network design: By applying the shadow price
interpretation to the dual variables {Vj’k} we are able to
identify the most active equality constraint indices (¢, j, k) =
argmax; j x Tr(v},v1%) (corresponding to the constraint
e;Viex = 0) imposed by our controller constraint set S.
Eliminating this constraint will therefore result in the greatest
incremental improvement in the optimal closed loop norm.

In this same spirit, suppose that we are interested in iden-
tifying the delay which, if reduced, would yield the best im-
provement in the closed loop norm. Using the same interpre-
tation, we can solve for (N, j, k) = arg max; x Tr(vyv])
This information can be used to inform certain types of
routing decisions, as will be illustrated in Section IV.

3) FIR reconstruction from dual optimal variables: By
strong duality, complementary slackness applies, and we can
therefore relate the dual and primal optimal variables in the

following manner
XX Xi||I Gf
X7 I||G; W,
This relation can be used to solve for the optimal V; from

the dual optimal variables X; in a recursive manner. For the
case ¢ = 1, we have

Gy =HWJo=-X; = Vi=-Hy'X;J;"

:|:O :>G7;:—XZ-*

Similarly, for ¢ = 2,

Go = HoVaJy + 2j71207k:1 H;WJ, =-X3
jH1+1=i
— Vo= —Hy (X5 + 3 sopm1 HiVAI) I
JH141=i
Continuing in this manner, we can solve for any V;, i €
1,...,N as

Vi=—Hy ' (X7 4+ )

§,1>0,1<k<i—1
tkti=i

H; Vi, ) Jy

This form for the components of the FIR component offers
additional insight into the structure of the controller, making
explicit the interdependence between the {V;}.

IV. EXAMPLE — 5 SYSTEM RING COMMUNICATION
GRAPH AUGMENTATION

In this section, we consider augmenting the communica-
tion graph of the 5 scalar plant undirected ring system shown
in Figure 2 so as to improve the closed loop norm as much
as possible. This system is described by

10 1 0 0 10
1 10 1. 0 O

1 .99A
A=10 1 10 1 0, A= 7\/\“23(15)|
0O 0 1 10 1
1 0 0 10 10
By = |I5 + 996462 O5><5}
By, =0 =15

215 055
Ci = Dy = |7
O5x5] "’ I5
Doy = [0sx5 I5], Di1 =010x10, D22 =055
We assume that the communication structure mimics the

dynamic structure of the plant, such that the controller
constraint set is given by

* 0 0 0 O * x 0 0 =%

1 0 x 0 0 O Ll ox o 0 0 1
S=-10 0 = 0 OEB—QO EE 069—37317
z z z
0 0 0 % O 0 0 * x =x
0 0 0 0 =x * 0 0 *x =

The structure of the system is such that it takes one time
step for a node to access its own local measurements (due to
the assumption of strict properness), two time steps to access
an immediate neighbor’s measurements, and three time steps
to access any other node’s measurements. Suppose now that
there is a central router that can provide a directed link
between any two nodes X and Y, such that node X has
access to node Y’s measurements after two time steps. In



Fig. 2: The graph depicts the the communication structure of the five-
player ring problem considered in Section IV. The routing/control problem
consists of determining which link the router should establish, and to
compute the optimal Ho decentralized controller. This problem is solved
using the primal/dual methods described in Section III.

this case, it is obvious that the only links to consider are
between nodes that are not immediate neighbors. Using the
previously described shadow price interpretation, we identify
the most active equality constraint on V5 as (2,1,4) (i.e.
eiVaes = 0): [v3y] > [v3,] for all other (j,k) € To. We
therefore eliminate this constraint to yield the new controller
constraint set

* 0 0 0 O * % 0 *x x

0 = 00O *x x x 0 0
1 1 R
S, ==-10 0 x 0 0|®@= |0 * * x O|®—2.
4= 22 23

0 0 0 % O 0 0 * x =x

00 0 0 =« * 0 0 x =%

This is intuitively a reasonable choice, as a larger dis-
turbance enters at node 4 (due to the form of B;) and is
barely attenuated as it propagates around the ring towards
node 1. The optimal H3 closed loop norm with respect to the
original constraint set is 401.7, but drops significantly to 362
if the aforementioned constraint is removed. For comparison,
if we remove the equality constraint eaVoe); = 0 (another
reasonable guess based on the structure of the plant), the
optimal cost barely changes, decreasing to 401.6.

V. CONCLUSION

In [18], the decentralized H» model matching problem
subject to QI delays is solved by decomposing the controller
into a centralized, but delayed, component and a decentral-
ized FIR component, with the latter being solved for via
a linearly constrained quadratic program. We showed how
this problem can be converted to a semi-definite program
(SDP) for which strong duality holds, and derived the dual
problem. We then found primal and dual feasible points
so as to identify a priori upper and lower bounds on the
optimal Ho cost. Exploiting complementary slackness, we
are also able to obtain further insight into the structure of
the optimal FIR component. Finally, we showed how the
optimal dual variables can be used to inform communication
graph augmentation, and illustrated this idea with a routing
problem.

There are many interesting avenues for future work, such
as attempting to identify further refined upper and lower
bounds, as well as delving more into the structure of the
FIR component of the controller. Furthermore, although
the optimal dual variables only provide information about
incremental changes to the communication structure (i.e.

guidance as to which single constraint/delay is most detri-
mental to closed loop performance), it will be interesting
to see whether they can be used to formulate an effective
heuristic for communication graph design.
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